Abstract. The Gauss map of a projective variety X Ă P N is a rational map from X to a Grassmann variety. In positive characteristic, we show the following results.
Introduction
Let X Ă P N be an n-dimensional projective variety over an algebraically closed field k of arbitrary characteristic p ě 0. The Gauss map γ of X is defined as the rational map γ " γ X : X Gpn, P N q which maps each smooth point x P X to the embedded tangent space T x X to X at x in P N . J. M. Landsberg and J. Piontkowski independently characterized images of Gauss maps in characteristic zero; they gave an equivalent condition for a subvariety of a Grassmann variety Gpn, P N q to be the image of some Gauss map γ (see [1, 2.4.7] and [9, Theorem 3.4.8]). As a generalization, a characterization of images of separable Gauss maps was given in positive characteristic [6, Theorem 1.2] (see also Corollary 5.4) . From these results, a subvariety Y Ă Gpn, P N q with dim Y ď n cannot be the image of a separable Gauss map in general, and if Y is the image of separable γ X for some X Ă P N , then such X is uniquely determined by Y .
On the other hand, the following was known about images of inseparable Gauss maps of curves. A. H. Wallace [16, §7] , S. L. Kleiman and A. Thorup [14, I-3] showed that, for any plane curve Y Ă pP 2 q _ " Gp1, P 2 q in p ą 0 and for any positive integers s and r, there exists a curve X Ă P 2 such that γ X pXq " Y and the separable and inseparable degrees of γ X are s and p r (in particular, there are infinitely many X's such that γ X pXq " Y for fixed Y by taking various degrees). More generally, H. Kaji [13, §4, Proposition] showed that, for any curve Y Ă Gp1, P N q in p ą 0 and for any finite inseparable field extension L{KpY q, there exists a curve X Ă P N with KpXq " L such that γ X pXq " Y and the extension KpXq{KpY q induced by γ X coincides with the given L{KpY q.
We investigate higher-dimensional subvarieties of Gpn, P N q. Throughout this paper, by a field we shall mean a finitely generated field over k. For a field extension L{K, we denote by δ L{K the natural L-linear map Ω K{k b K L Ñ Ω L{k . Theorem 1.1. Assume p " char k ą 0. Let Y Ă Gpn, P N q be a projective subvariety with 1 ď dim Y ď n. For any field extension L{KpY q such that tr.deg k L " n and δ L{KpY q is the zero map, there exists an n-dimensional subvariety X Ă P N with KpXq " L such that γ X pXq " Y holds and the extension KpXq{KpY q induced by γ X coincides with the given L{KpY q.
In particular, any Y appears as the image of the Gauss map of some X Ă P N , and there are infinitely many choices of such X (by taking various extensions L's over KpY q 1{p ).
When Y is a curve, δ L{KpY q " 0 holds if and only if L{KpY q is inseparable. Hence the above Kaji's result is nothing but the case when n " dim Y " 1 in Theorem 1.1.
In Theorem 1.1, we assume δ L{KpY q " 0 for the field extension L{KpY q. Then, how about the case when δ L{KpY q ‰ 0? If L{KpY q is inseparable but δ L{KpY q ‰ 0, the statement in Theorem 1.1 does not hold in general, even if L{KpY q is finite (see Example 3.4) .
On the other hand, S. Fukasawa and Kaji [5] showed that for any field L and any integer 0 ď r ď n :" tr.deg k L (r ‰ 1 if p " 2), there exists a projective variety X Ă P N with KpXq " L such that the rank of the Gauss map γ (i.e., the rank of the L-linear map δ L{KpγpXqq for the extension L{KpγpXqq induced by γ) is equal to the given integer r.
We refine their result at least in the case when p ě 3. In the following theorem, we construct a projective variety X whose Gauss map induces a given inseparable extension L{K, not only has a given rank. Theorem 1.2. Let L{K be an inseparable field extension with tr.deg k K ě 1 and p ą 0, and let N be an integer with N ą n :" tr.deg k L. Assume that p ě 3 or rk L pδ L{K q is even. Then there exists an n-dimensional non-degenerate projective variety X Ă P N with KpXq " L such that the extension KpXq{Kpγ X pXqq induced by γ X coincides with the given L{K.
The essential part of the proof of this theorem is to show the existence of a hypersurface X Ă P n`1 satisfying the above condition (see Remark 3.6) . However, in the case when p " 2 and rk L pδ L{K q is odd, there is no hypersurface X Ă P n`1 satisfying the condition (see [7, Remark 5.3] , for example). In this case, we do not know whether there exists a subvariety X Ă P N with N ě n`2 whose Gauss map induces the given extension L{K.
Finally we focus on general fibers of Gauss maps. In p ą 0, Fukasawa [2, Theorem 1] showed that any projective variety F appears as a general fiber of some inseparable Gauss map, that is, he gives a construction of a projective variety X such that a general fiber of γ X with the reduced structure is isomorphic to the given F .
Instead of fixed F , we consider a (not necessarily flat) family F " tF y u yPY of projective varieties over a subvariety Y Ă Gpn, P N q in p ą 0. Then there exists X Ă P N such that γ X pXq " Y and the fiber γ´1 X pyq over general y P Y with the reduced structure is isomorphic to F y . The precise statement is as follows:
N q be a projective variety with dim Y ě 1 and let F Ă YˆP N 1 be an n-dimensional projective variety such that the first projection f : F Ñ Y is surjective. Then there exist an n-dimensional projective variety X Ă P N and a generically bijective rational map h : X F such that γ X is equal to f˝h. In particular, γ X pXq " Y holds.
Furthermore, if we assume n ě N 1 , we can take X Ă P N such that the fiber γ´1 X pyq red Ă P N of γ X over general y P Y is projectively equivalent to F y :"
Roughly, Theorem 1.3 states that any surjective morphism F Ñ Y appears as a Gauss map up to generically bijective rational maps. We note that the assumption n ě N 1 is necessary in the last statement of Theorem 1.3 since for y " rLs P Y , the general fiber γ´1 X pyq red is contained in L » P n . In contrast to Fukasawa's result, we can construct X such that general fibers of γ X with reduced structures are not isomorphic each other. For example, such X is given by taking F Ñ Y to be an elliptic fibration with F y fi F y 1 at general y and y 1 . Fukasawa's result is recovered by taking any pN 1´d impF qq-dimensional Y Ă GpN 1 , P N q and setting F " YˆF for a given projective variety F Ă P N 1 . For more discussion, see Example 4.1.
The rank of the Gauss map of X which we construct in the proof of Theorem 1.3 is zero. By combining Theorem 1.3 and Proposition 4.3, we can construct X such that γ X has a given variety as a general fiber and the rank of γ X is a given positive integer (see Remark 4.5) .
In the previous paper [7] , the authors investigated Gauss maps of toric varieties, and Theorem 1.3 and Proposition 4.3 give extensions of results in [7, §5] to nontoric cases. This paper is organized as follows. In §2, we extend the definition of shrinking maps and give a characterization of graphs of Gauss maps in any characteristic. In §3, by investigating numbers of generators of inseparable field extensions and applying the characterization in §2, we prove Theorem 1.1 and Theorem 1.2. In §4, we show Theorem 1.3. In §5, we describe degeneracy maps in the context of shrinking maps by using the second fundamental form. As a corollary, we recover the main theorem of the first author's paper [6] .
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Subvarieties of the universal families of Grassmann varieties
In this section, we work over an algebraically closed field k of any characteristic. Let us consider the universal family of a Grassmann variety Gpn, P N q,
Let X Ă P N be an n-dimensional projective variety. Then the graph of the Gauss map γ X of X, which is the closure of the image of
is contained in U since x P T x X " γ X pxq.
As we mentioned in §1, Landsberg and Piontkowski independently gave an necessary and sufficient condition for a subvariety Y Ă Gpn, P N q to be the image of the Gauss map γ X of some X Ă P N in char k " 0 by using the shrinking map of Y . In addition, a generalization to images of separable γ X was given by the first author in char k ě 0. However, it seems that such characterization does not work well when we consider images of inseparable γ X .
In order to analyze (possibly inseparable) Gauss maps γ X , we characterize not images but graphs of γ X by generalizing the method of shrinking maps. First, we define the shrinking map as follows.
We denote by Q and S the universal quotient bundle and subbundle of rank n`1 and N´n on Gpn, P N q with the exact sequence
Note that U " P˚pQ _ q holds, where P˚pAq :" Projp À d S d pA _for a locally free sheaf A. Hence we have the tautological invertible sheaf O U p´1q on U, which is a subsheaf of the pull-back of Q _ under the first projection U Ñ Gpn, P N q.
Definition 2.1. Let f : Z Gpn, P N q be a rational map from a variety Z. We define the shrinking map of Z with respect to f σ " σ Z,f : Z Gpn´, P N q for some integer n´" nσ ď n as follows. Let Z˝be an open subset consisting of smooth points of Z and regard f as f | Z˝. We have the following composite homomorphism
where the first homomorphism is induced from the dual of SbS _ Ñ O, and the second one is induced from the differential df : T Z˝Ñ f˚T Gpn,P N q " f˚HompQ _ , S _ q. In other words, Φ is the homomorphism corresponding to df under the identification
We define an integer n´with´1 ď n´ď n by n´" dimpker Φ b kpzqq´1 for a general point z P Z. In other word, n´`1 is the rank of the torsion free sheaf ker Φ. Then ker Φ| Z˝i s a subbundle of H 0 pP N , Op1qq _ b O Z˝o f rank n´`1 (replacing Z˝Ă Z by an smaller open subset if necessary). By the universality of the Grassmann variety Gpn´, P N q, we have an induced morphism σ : Z˝Ñ Gpn´, P N q and call it the shrinking map of Z with respect to f .
For a rational map f : X Y between varieties, the rank of f (denoted by rk f ) is defined to be the rank of the k-linear map d x f for general x P X, where d x f : T x X Ñ T f pxq Y is the differential of f between Zariski tangent spaces. We note that rk f coincides with the rank of the KpXq-linear map δ KpXq{Kpf pXqq :
Remark 2.2. If the rank of f : Z Gpn, P N q is zero (i.e., δ KpZq{Kpf pZqq " 0), then the shrinking map σ " σ Z,f coincides with f . The reason is as follows: rk f " 0 implies that T Z Ñ f˚T Gpn,P N q is the zero map at the generic point of Z. Hence so is Φ in (2.3) , that is, kerpΦq " f˚Q _ . This means that σ " f .
Remark 2.3. Originally, the shrinking map is defined for a subvariety of Gpn, P N q. If f : Z Gpn, P N q is separable onto its image Y :" f pZq (i.e., rk f " dim Y ), then σ Z,f " σ Y˝f holds, where σ Y is the shrinking map of Y with respect to Y ãÑ Gpn, P N q.
More generally, if f :
Gpn, P N q and g is dominant and separable, then σ Z,f " σ Z 1 ,f 1˝g holds.
Let us consider a subvariety X 1 Ă Gpn, P N qˆP N contained in the universal family U of Gpn, P N q, and denote by pr 1 : X 1 Ñ Gpn, P N q and pr 2 : X 1 Ñ P N the first and second projections from X 1 respectively. We mainly study the case when the above pZ, f q is pX 1 , pr 1 q. The rest of this section is devoted to the proof of the following theorem, which gives a necessary and sufficient condition for X 1 Ă U to be the graph of the Gauss map of some X Ă P N . We note that this theorem holds for any characteristic. (i) X 1 is the graph of the Gauss map γ X of some n-dimensional projective variety
Note that the condition (i) implies X " pr 2 pX 1 q; this is because, if X 1 is the graph of γ X , the composition of pγ X , id X q and pr 2 : X 1 Ñ P N is nothing but id X . In other words, pr 2 :
Remark 2.5. If pr 1 : X 1 Ñ Gpn, P N q is of rank 0, then the condition (iii) of Theorem 2.4 holds immediately because of Remark 2.2.
2.1. Notation. We fix our notation. Let U be the universal family of Gpn, P N q as in (2.1). Let pr 1 : U Ñ Gpn, P N q and pr 2 : U Ñ P N be projections to the first and second factors respectively. We recall that pr 1 : U Ñ Gpn, P N q coincides with the projective bundle P˚pQ _ q Ñ Gpn, P N q, and the embedding
In particular, we have the tautological invertible sheaf O U p´1q " pr2O P N p´1q Ă pr1Q _ on U. 
where q i is the image of
We denote by tq i u and ts j u the dual basis of Q _ and S :" pS _ q _ respectively. In this setting, we have a standard isomorphism G˝» HompQ _ , S _ q » A pn`1qpN´nq . Hence we have a
Hence pr 2 :
the restriction of the composite homomorphism
In particular, the homomorphism (2.6) is zero at the generic point of
this lemma follows.
Equality between two homomorphisms.
We have the following commutative diagram on U with exact rows and columns:
where the left column is the Euler sequence of pr 1 : U " P˚pQ _ q Ñ Gpn, P N q and the middle column is the pullback of the Euler sequence on P N under pr 2 . The middle row is the pullback of the dual of the universal sequence (2.2) under pr 1 and the bottom raw is obtained by tensoring O U p´1q with the following natural sequence
Lemma 2.7. The following two homomorphisms α 1 and α 2 coincide:
where dppr i qp´1q is the p´1q-twist of dppr i q, pr1HompQ
_ , and ε is in the bottom row of the diagram (2.7).
Proof. It is sufficient to show pα 1 q u " pα 2 q u at each u " pu 1 , u 2 q P U| G˝Ă G˝ˆP N . We set Z 0 " z 0 " 1, and regard Z 1 , . . . , Z N and z 1 , . . . , z n as (non-homogeneous) coordinates on P N and P˚pQ _ q respectively. First, we consider pα 2 q u :
On the other hand,
Next we consider pα 1 q u :
, which means that pα 1 q u " pα 2 q u .
Characterization of graphs of Gauss maps.
Lemma 2.8. Let X 1 Ă Gpn, P N qˆP N be an n-dimensional projective variety and set X " pr 2 pX 1 q Ă P N . Then the following are equivalent.
(1) X 1 is the graph of the Gauss map of some n-dimensional projective variety in P N . (2) dim X " n and X 1 is the graph of the Gauss map γ X of X Ă P N . (3) dim X " n and γ X˝p r 2 " pr 1 .
Proof. (2) ñ (1) holds immediately. (1) ñ (2) holds as we already noted after the statement of Theorem 2.4.
(2) ô (3): If X 1 is the graph of γ X , then pγ X , id X q : X X 1 is birational and its inverse is pr 2 . Since pr 1˝p γ X , id X q " γ X , we have pr 1 
Conversely, assume that dim X " n and pr 1 " γ X˝p r 2 . Let x 1 " prLs, xq be a general point of X 1 Ă Gpn, P N qˆP N . Then we have rLs " pr 1 px 1 q " γ X˝p r 2 px 1 q " γ X pxq in Gpn, P N q. Hence a general point of X 1 is written as pγ X pxq, xq for some x P X, which means that X 1 coincides with the graph of γ X .
Proof of Theorem 2.4. (i) ô (ii).
It is sufficient to check the equivalence between (ii) of the theorem and (3) of Lemma 2.8.
. By the definition of the Gauss map γ " γ X , we have the following diagram on the smooth locus X sm of X.
Since pr 2 : X 1 Ñ X " pr 2 pX 1 q Ă P N is separable and generically finite, we can take an open subset X 1˝Ă X 1 such that X 1˝i s smooth and pr 2 | X 1˝isétale. Now we regard pr 2 as pr 2 | X 1˝. Since dppr 2 q : T X 1˝Ñ pr2 T X is an isomorphism, we have
by pulling back the diagram (2.8) by pr 2 : 
is the zero map. We have the following commutative diagram
where the commutativity of the left and right squares follows from (2.9) and (2.7) respectively. Since pγ˝pr 2 q˚Q _ Ñ T X 1˝p´1q is surjective, (2.10) is the zero map if and only if so is the bottom row β :
By the definition of α 1 , the homomorphism β P HompT X 1˝p´1q, pr1 S _ q is obtained with the following commutative diagram
where we recall that T Gpn,P N q " HompQ _ , S _ q. By construction, the bottom map
Since Φ " Φ pr 1 also corresponds to dppr 1 q by (2.4), β corresponds to the composite homomorphism
under the identification
Hence pγ˝pr 2 q˚Q _ " pr1 Q _ holds if and only if (2.11) vanishes, and (i) ô (ii) is proved.
(ii) ô (iii). Let
be the universal exact sequence on Gpn´, P N q, and let r pr 1 , r pr 2 be the projections from Gpn´, P N qˆP N to the first and second factors respectively. We note that the universal family U Gpn´,P N q Ă Gpn´, P N qˆP N is nothing but the locus where the composite homomorphism
Field extensions and Gauss maps
In this section, we prove Theorems 1.1, 1.2 by using Theorem 2.4, We mainly consider the case p " char k ą 0. Definition 3.1. Let L be a field over k and set n " tr.deg k L. A set tx 1 , . . . , x n u of n elements in L is called a separating transcendence basis of L{k if tdx 1 , . . . , dx n u is a basis of L-vector space Ω L{k . In other words, tx 1 , . . . , x n u is a separating transcendence basis of L{k if and only if L{kpx 1 , . . . , x n q is a finite separable extension.
First, we show a lemma about the number of generators of field extensions. Lemma 3.2. Let L{K be a field extension over k. Set n " tr.deg k L and m " tr.deg k pKq. Assume m ě 1. Then there exists a separating transcendence basis x 1 , . . . , x n of L{k such that L " Kpx 1 , . . . , x n q. More strongly, we can take
Proof. Set r " rk L pδ L{K q ď m. By the definition of δ L{K , there exist x 1 , . . . , x r P K and x r`1 , . . . , x n P L such that x 1 , . . . , x n form a separating transcendence basis of L{k. By renumbering the indices of x r`1 , . . . , x n , we may assume that x m`1 , . . . , x n form a transcendence basis of L{K. Then L{K 1 is a finite extension for Hence x 1 , . . . , x m´1 ,x m , x m`1 , . . . , x n form a separating transcendence basis of L{k and it holds that
The last statement of this lemma follows from x 1 , . . . , x r P K.
We can also show a geometric version of Lemma 3.2, which we will use to prove Theorem 1.3 in §4. Proof. Since M ě n´r " n´rk f , pf, π| X q : X YˆP M is separable and generically finite for general π. Hence it suffices to show that pf, π| X q is generically bijective.
Let x P X be a general point and set py, zq " pf pxq, πpxqq P YˆP M . We show that pf, π| X q´1py, zq " txu.
Let f´1pyq " Ť F i be the decomposition into the irreducible components with the reduced structures. Take a component F 0 such that x P F 0 . Since y is general, dim F i " n´m ă M holds for each i. Hence π| F i : F i πpF i q Ă P M is birational because π is a general projection. Furthermore, πpF i q ‰ πpF j q for i ‰ j by the generality of π. Hence z " πpxq is not contained in πpF i q for any i ‰ 0 since x P f´1pyq is general. Take x 1 P pf, π| X q´1py, zq. Since z " πpx 1 q is not contained in πpF i q for any i ‰ 0, we have x 1 P F 0 . Since π| F 0 : F 0 πpF 0 q Ă P M is birational and x P F 0 is general, πpx 1 q " y " πpxq means x 1 " x and this lemma holds.
Now we can prove Theorems 1.1.
Proof of Theorem 1.1. Let π 1 : Spec L Ñ Y be the morphism induced by the field extension L{KpY q. By Lemma 3.2, we can take a separating transcendence basis x 1 , . . . , x n P L of L{k such that L " KpY qpx 1 , . . . , x n q. Let π 2 : Spec L Ñ A n be the morphism induced by krx 1 , . . . , x n s Ă L. Let G˝be as in §2.1. By choosing Z 0 , . . . , Z N P H 0 pP N , Op1qq generally, we may assume that Y X G˝‰ H. We consider an inclusion pY X G˝qˆA n ãÑ G˝ˆP˚pQ _ q given by the embedding A n ãÑ P˚pQ _ q : px 1 , . . . , x n q Þ Ñ r1 : x 1 :¨¨¨: x n s. We recall G˝ˆP˚pQ _ q " P˚pQ _ | G˝q " U| G˝Ă U. We define X 1 Ă U to be the closure of the image of the composite morphism
Since L " KpY qpx 1 , . . . , x n q, the morphism pπ 1 , π 2 q : Spec L Ñ X 1 is birational and the extension KpX 1 q{KpY q induced by pr 1 : X 1 ։ Y Ă Gpn, P N q coincides with L{KpY q. Thus it suffices to show that X 1 satisfies conditions in Theorem 2.4. Since x 1 , . . . , x n form a separating transcendence basis of L{k, pr 2 :
is generically finite and separable by the local description (2.5). Since pr 1 : X 1 Ñ Gpn, P N q is of rank 0 (i.e., δ KpX 1 q{KpY q " δ L{KpY q " 0), (iii) in Theorem 2.4 is satisfied by Remark 2.5. Hence Theorem 1.1 holds.
Example 3.4. In this example, we see that we cannot replace the condition δ L{KpY q " 0 by the inseparability of L{KpY q in Theorem 1.1.
Assume p ą 0. Let Y Ă Gp2, P 3 q be the surface given as the closure of the image of an embedding A 2 ãÑ Gp2, P 3 q, which maps px, yq P A 2 to the 2-plane in P 3 spanned by the 3 points corresponding to the row vectors of »
Set L " kpx, y 1{p q, which contains KpY q " kpx, yq. We show that there is no surface X Ă P 3 with KpXq " L such that γ X pXq " Y and the extension KpXq{KpY q induced by γ X coincides with given L{KpY q.
Suppose there exists such X Ă P 3 and let X 1 Ă U Ă Gp2, P 3 qˆP 3 be the graph of γ X . We use the notation in §2.1 with the setting pn, Nq " p2, 3q and pa
holds in Ω KpX 1 q{k " Ω L{k by Lemma 2.6. Since dx ‰ 0 in Ω L{k , it holds that z 1 " 0 on X 1 . By (2.5), this means that X " pr 2 pX 1 q is contained in the hyperplane pZ 1 " 0q Ă P 3 . Thus X " pZ 1 " 0q holds and γ X is a constant map, which is a contradiction.
In the proof of Theorem 1.1, the condition (iii) in Theorem 2.4 immediately follows from the assumption that δ L{KpY q " 0. In the case of Theorem 1.2, we choose the generators of L{K and an embedding Spec K ãÑ Gpn, P n`1 q carefully and apply Theorem 2.4.
Proof of Theorem 1.2. In order to prove this theorem, it suffices to show the case N " n`1 (see Remark 3.6 below). Thus we will construct a hypersurface X Ă P n`1 whose Gauss map induces the given extension L{K. Set m " tr.deg k pKq and r " rk L pδ L{K q. Since L{K is inseparable, 0 ď r ď m´1 holds. By Lemma 3.2, there exists a separating transcendence basis x 1 , . . . , x n of L{k with x 1 , . . . , x r P K and L " Kpx 1 , . . . , x n q " Kpx r`1 , . . . , x n q.
Since dx 1 , . . . , dx r P Ω K{k are linearly independent, there exist y r`1 , . . . , y m P K such that x 1 , . . . , x r , y r`1 , . . . , y m form a separating transcendence basis of K{k. Since K{kpx 1 , . . . , x r , y r`1 , . . . , y m q is separable and finite, we can take a P K such that K " kpx 1 , . . . , x r , y r`1 , . . . , y m , aq.
Since dx 1 , . . . , dx r form a basis of the image of
holds for some b i P L as elements in Ω L{k . Now we construct an embedding Spec L Ñ U Ă Gpn, P n`1 qˆP n`1 such that the closure of its image X 1 Ă U satisfies the condition ř 0ďiďn z i pr1pda n`1 i q " 0 in Lemma 2.6. The following claim plays a key role. Claim 3.5. Assume p ě 3 or r is even. Then, there exists f P kpx 1 , . . . , x r q such that f x 1´b 1 , . . . , f xr´br , x r`1 , . . . , x n form a separating transcendence basis of L{k for f x i :" Bf {Bx i .
Proof of Claim 3.5. First, we consider the case p ě 3. Set f " tpx 2 1`¨¨¨`x 2 r q for general t P k. Then f x i " 2tx i for 1 ď i ď r and there exists gptq P L such that dpf x 1´b 1 q^¨¨¨^dpf xr´br q^dx r`1^¨¨¨^d x n " gptqdx 1^¨¨¨^d x n (3.2) holds as elements in Ź n Ω L{k . Since gptq is written as a nonzero polynomial of t with degree r (the coefficient of t r is 2 r ‰ 0), gptq ‰ 0 for general t P k. Thus f x 1´b 1 , . . . , f xr´br , x r`1 , . . . , x m form a separating transcendence basis of L{k.
Next, we consider the case r is even. Set s " r{2 and f " t¨ř 1ďlďs x 2l´1 x 2l for general t P k. Then f x 2l´1 " tx 2l , f x 2l " tx 2l´1 , and we take gptq P L as in (3.2) . Then gptq is written as a nonzero polynomial of t with degree r (the coefficient of t r is p´1q s ‰ 0 in this case). Hence gptq ‰ 0 for general t P k. Thus  f x 1´b 1 , . . . , f xr´br , x r`1 , . . . , x n form a separating transcendence basis of L{k.
Take f P kpx 1 , . . . , x r q as in Claim 3.5 and let z 1 , . . . , z n P L be f x 1´b 1 , . . . , f xr´br , x r`1 , . . . , x n respectively. Then it holds that dpa´f q`r ÿ
where the second equality follows from df " ř r i"1 f x i dx i , and the last equality follows from (3.1).
Now we use the notation of §2.1. Let Y Ă Gpn, P n`1 q be the closure of the morphism µ : Spec K Ñ G˝Ă Gpn, P n`1 q defined by
Since kpa´f, x 1 , . . . , x r , y r`1 , . . . , y m q " K, µ : Spec K Ñ Y Ă Gpn, P n`1 q is birational.
Let ν 1 : Spec L Ñ Y be the composition of Spec L Ñ Spec K and µ, and let ν 2 : Spec L Ñ P n be the morphism defined by r1 : z 1 :¨¨¨: z n s P P n " P˚pQ _ q. We define X 1 Ă U Ă Gpn, P n`1 qˆP n`1 to be the closure of the morphism
where the last birational map is obtained from G˝ˆP˚pQ _ q " U| G˝. Then ν : Spec L Ñ X 1 is birational since KpX 1 q " KpY qpz 1 , . . . , z n q " Kpz 1 , . . . , z n q and
where the last equality follows from the choice of x i (see the first paragraph of this proof). Since z 1 , . . . , z n form a separating transcendence basis of L{k by Claim 3.5, pr 2 : X 1 Ñ P n`1 is separable and generically finite by the local description (2.5). By (3.3) and the local description Lemma 2.6, this X 1 satisfies condition (ii) in Theorem 2.4 and we obtain this theorem.
Remark 3.6. Let X Ĺ P N be a non-degenerate projective variety in p " char k ą 0. Let N 1 ą N be an integer. Then we have non-degenerate X 1 Ă P N 1 such that KpX 1 q{Kpγ X 1 pX 1induced by γ X 1 coincides with KpXq{Kpγ X pXqq, as follows.
Let n :" dimpXq. Choosing suitable homogeneous coordinates on P N , we may take a local parametrization r1 : z 1 :¨¨¨: z n : f n`1 :¨¨¨: f N s of X around x " r1 : 0 :¨¨¨: 0s P X, where z 1 , . . . , z n form a system of parameters of the regular local ring O X,x and f n`1 , . . . , f N P O X,x . In this setting, we have
where f j z i :" Bf j {Bz i (for example, see [5, §2] ). Then we can define a rational map µ : X P N 1 parametrized by r1 :
Thus the statement follows.
Fibers of Gauss maps
Throughout this section, we assume p " char k ą 0. In §3, we prove Theorem 1.1 by using Theorem 2.4 and Lemma 3.2. Theorem 1.3 is similarly proved by using Theorem 2.4 and Lemma 3.3 as follows.
Proof of Theorem 1.3. Step 1. Let Frob : Y p1{pq Ñ Y be the Frobenius morphism and let F 1 :" Y p1{pqˆY F be the fiber product with the following diagram,
where f 1 and Frob 1 are the induced morphisms. Note that
Fix an embedding Y p1{pq ãÑ P N 2 and let
be the Segre embedding. Let π : P N P n be a general linear projection. Then
n is separable and generically finite since dim F 1 " dim F " n.
Step 2. Note that, if n ě N 1 , then the restriction of π on ty 1 uˆP N 1 Ă P N is a linear embedding for general y 1 P Y p1{pq .
Step 3. Let U Ă Gpn, P N qˆP N be the universal family of Gpn, P N q. By identifying P n with P˚pQ _ q, we have a birational map from Gpn, P N qˆP n to G˝ˆP˚pQ _ q "
Set X 1 Ă U to be the closure of ϕpF 1 q. Since dim Y ě 1, we can apply Lemma 3.3 to Frob˝f 1 :
n is separable and generically finite, so is the second projection pr 2 : .5), where the homogeneous coordinates z 0 , z 1 , . . . , z n on P n appears in those on P N ). Since Frob˝f 1 is of rank 0, so is the first projection pr 1 :
satisfies condition (iii) in Theorem 2.4 by Remark 2.5.
Step 4. Set X :" pr 2 pX 1 q Ă P N . By Theorem 2.4, we have the following commutative diagram.
1 is the graph of γ X , pr 2 is birational. Hence pr 2˝ϕ : F 1 X is birational as well.
Set h :" Frob 1˝p pr 2˝ϕ q´1 : X F . Since ppr 2˝ϕ q´1 is birational and Frob 1 is purely inseparable and finite, h is purely inseparable and generically finite, i.e., h is generically bijective. By the above commutative diagram, it holds that γ X " pFrob˝f 1 q˝ppr 2˝ϕ q´1 " pf˝Frob 1 q˝ppr 2˝ϕ q´1 " f˝h.
Hence the former statement of the theorem is proved.
Step 5. Now assume n ě N 1 . For general y P Y , let y 1 P Y p1{pq be the unique point over y. Since the restriction π| ty 1 uˆP N 1 : ty 1 uˆP N 1 Ñ P n appeared in Step 2 and
we have the latter statement of the theorem.
Example 4.1. Assume p ą 0. We give some applications of Theorem 1.3 by taking special F Ă YˆP N 1 with the surjective first projection f : F Ñ Y . We denote by F y the fiber of f at y P Y with the reduced structure.
(1) Let Y Ă Gpn, P N q and F Ă P N 1 be projective varieties with dim Y ě 1 and dim Y`dim F " n. Assume n ě N 1 . Then, by taking F " YˆF , we have X Ă P N such that the image of γ equal to Y , and a general fiber of the Gauss map γ of X with the reduced structure is projectively equivalent to F .
As mentioned in §1, by (1), we can recover Fukasawa's construction of general fibers of γ [2, Theorem 1], and also control the image of γ at the same time.
(2) Theorem 1.3 gives examples of X's such that general fibers of γ X with the reduced structures are not isomorphic each other. For example, we may take F Ñ Y to be an elliptic fibration with F y fi F y 1 at general y and y 1 . We note that Fukasawa [3, Example 2.3] gave an explicit example of a Gauss map such that all isomorphism classes of elliptic curves appears as general fibers.
Next we consider irreducible components of a general fiber of γ. Kaji [11, Example 4.1] [12] and Rathmann [15, Example 2.13] gave examples of Gauss maps whose general fiber is a union of two or more points. In [4, Remark 3.2], Fukasawa mentioned without proof that his construction can give X such that a general fiber of γ X is the union of two or more F 's. We give generalizations of their results as follows.
Let s : Z Y Ă Gpn, P N q be a separable, generically finite, dominant rational map with dim Y ě 1, and let G Ă ZˆP N 1 with n ě N 1 be an n-dimensional subvariety such that the first projection g : G Ñ Z is surjective. We denote by G z the fiber of g at z P Z with the reduced structure.
(3) We set F Ă YˆP N 1 to be the closure of the image of G under sˆid P N 1 . Then f : F Ñ Y satisfies the assumption of Theorem 1.3. Thus we can construct X for this F . For general y P Y , F y is the union of fibers G z with z P s´1pyq.
For example, by taking G Ñ Z as an elliptic fibration as in (2), we can construct X such that a general fiber of γ of X with reduced structure is the union of irreducible components which are not isomorphic each other.
(4) It may happen that
To deal with such cases, we modify the construction of (3) as follows.
We take an embedding Z Ă P N 2 and the Segre embedding P N 2ˆP N 1 Ă PN , and consider a general linear projection π : PN P n . Then we set F Ă YˆP n to be the closure of the image of G under the induced map ZˆP N 1 YˆP n sending pz, aq to pspzq, πpz, aqq. From Lemma 3.3, this F Ă YˆP n is birational to G. Hence we can construct X such that F y is the union of πpG z q with z P s´1pyq, where πpG z q ‰ πpG z 1 q Ă P n for z ‰ z 1 . We note that πpG z q is projectively equivalent to G z since n ě N For example, setting F " YˆF in (1), we can construct X for F s such that the number of irreducible components of a general fiber of γ of X is equal to c; more precisely, the fiber is a union of c copies of F . The fiber can be a disjoint union of c copies of
Remark 4.2. In Theorem 1.3, the projective variety X Ă P N is non-degenerate if so is the union Ť rLsPY L Ă P N for the subvariety Y Ă Gpn, P N q. The reason is as follows: If X Ă P N is degenerate, i.e., X is contained in some hyperplane H Ă P N , then every embedded tangent space T x X is also contained in H. Since Y " γpXq, it follows that
The rank of the Gauss map of X which we construct in the proof of Theorem 1.3 is zero. Roughly, the following proposition states that we can increase the ranks of Gauss maps without changing general fibers. Proposition 4.3. Let X 1 Ă P N 1 be a non-degenerate projective variety and let N, r ě 0 be integers such that pp, rq ‰ p2, 1q and
Then there exists a non-degenerate projective variety X Ă P N and a dominant rational map µ : γ X pXq γ X 1 pX 1 q such that rk γ X " rk γ X 1`r and the fiber γ´1 X pyq Ă P N of γ X over general y P γ X pXq is projectively equivalent to γ´1 X 1 pµpyqq Ă P N 1 .
Remark 4.4. In characteristic 2, it is known that the rank of the Gauss map of any projective variety cannot be equal to 1 (see [7, Remark 5.3] , for example). This is the reason why we assume pp, rq ‰ p2, 1q in the above proposition. To show Proposition 4.3, we prepare Lemma 4.6 below. Let N 1 ă N be positive integers. We consider a birational map
where r1 :
is the affine coordinates on the standard affine subspace
, where p i is the projection from P N 1ˆP N´N 1 to the i-th factor. More explicitly,
for the homogeneous coordinate rZ 0 :¨¨¨:
Lemma 4.6. These linear projections π 1 and π 2 induce a natural birational map
Proof. For a general pn´rq-plane L 1 Ă P N 1 and a general r-plane L 2 Ă P N´N 1 , the intersection π´1 1 pL 1 q X π´1 2 pL 2 q Ă P N is a linear subvariety of codimension pN 1´n`r q`pN´N 1´r q " N´n,
i.e., it is of dimension n. Hence we can define ψ as a rational map by
Next, in order to show ψ is birational, we describe ψ locally as follows. As in §2.1, we consider standard affine open subsets G1 Ă Gpn´r, P N 1 q and G2 Ă Gpr, P N´N 1 q, that is, G1 (resp. G2) is the set of pn´rq-planes L 1 Ă P N 1 (resp. r-planes L 2 Ă P N´N 1 ) spanned by the points corresponding to the rows of
for an pn´r`1qˆpN 1´p n´rqq matrix A 1 (resp. an pr`1qˆpN´N 1´r q matrix A 2 ), where E t is the tˆt unit matrix. Recall that Gi is identified with an affine space by sending L i to A i for i " 1, 2. Then π´1 1 pL 1 q X π´1 2 pL 2 q is spanned by the n`1 points corresponding to the rows of »
where 0 and O are the raw zero vector and zero matrix of suitable sizes, and a i , A are given by
Now we can regard ψ locally as a morphism from G1ˆG2 to A pn`1qpN´nq (the latter affine space corresponds to a suitable open subset of Gpn, P N q), which sends pA 1 , A 2 q to the pn`1qˆpN´nq matrix » -
Hence ψ is birational onto the image.
Proof of Proposition 4.3. By assumption, we can take a non-degenerate projective variety X 2 Ă P N´N 1 with dim X 2 " r such that the Gauss map γ X 2 of X 2 is birational (for example, see [7, Examples 3.9 and 3.10] and see also Remark 4.7 below). Now we use the notation of Lemma 4.6. We may assume that ψ is defined at general points of γ X 1 pX 1 qˆγ X 2 pX 2 q and ψ| γ X 1 pX 1 qˆγ X 2 pX 2 q is birational onto its image, after suitable linear transformations on projective spaces P N 1 , P N´N 1 . We define X Ă P N to be the closure ϕpX 1ˆX2 q. Then ϕ| X 1ˆX2 : X 1ˆX2 X is birational and its inverse is pπ 1 | X , π 2 | X q. We note that the non-degeneracy of X Ă P N follows from that of X 1 and X 2 since X and X 1ˆX2 can be identified on the open subsets A N » A N 1ˆA N´N 1 by the definition of ϕ. Let x P X be a general point and set
Thus we have π i pT x Xq " T x i X i . Since ψ is defined at general points of γ X 1 pX 1 qˆγ X 2 pX 2 q, Ş i"1,2 π´1 i pT x i X i q is of dimension n, which means that this intersection coincides with T x X. In other words, γ X pxq " ψpγ X 1 px 1 q, γ X 2 px 2holds. Therefore, we have the following
Since ϕ| X 1ˆX2 is birational, γ X pXq " ψpγ X 1 pX 1 qˆγ X 2 pX 2holds. Since ψ| γ X 1 pX 1 qˆγ X 2 pX 2 q is birational onto the image, we have the inverse birational map
Let µ : γ X pXq γ X 1 pX 1 q be the composite map of ψ|´1 γ X 1 pX 1 qˆγ X 2 pX 2 q and the first projection γ X 1 pX 1 qˆγ X 2 pX 2 q Ñ γ X 1 pX 1 q.
Since γ X 2 , ϕ| X 1ˆX2 , ψ| γ X 1 pX 1 qˆγ X 2 pX 2 q are birational, we have rk γ X " rkpγ X 1γ
Let py 1 , y 2 q P γ X 1 pX 1 qˆγ X 2 pX 2 q be a general point. Since γ X 2 is birational, γ´1 X 2 py 2 q consists of one point x 2 P X 2 . Hence the fiber of γ X 1ˆγ X 2 over py 1 , y 2 q is γ´1
By the diagram (4.1), ϕpγ´1 X 1 py 1 qˆtx 2 uq " γ´1 X pyq for y :" ψpy 1 , y 2 q. Since ϕ| P N 1ˆtx 2 u : P N 1ˆt x 2 u Ñ P N is a linear embedding by the definition of ϕ, γ´1 X 1 py 1 qˆtx 2 u Ă P N 1ˆt x 2 u is projectively equivalent to γ´1 X pyq Ă P N . Since y 1 " µpyq, this proposition is proved.
Remark 4.7. In the proof of Proposition 4.3, we can indeed take X 2 Ă P N´N 1 whose function field is any given field K 2 of transcendental degree r over k such that the Gauss map γ X 2 is birational. Hence X in the statement of Proposition 4.3 can be birational to X 1ˆS pec K 2 . For example, in the case when p " 2, r is odd, and N´N 1 " r`2, we take a separating transcendence basis tz 1 , . . . , z r u of K 2 {k and take f P K 2 such that K 2 " kpz 1 , . . . , z r qpf q. Then we set X 2 to be the closure of the image of SpecpK 2 q Ñ P r`2 given by
with general t P k. From (3.4), we find that γ X 2 is separable and generically finite, and hence birational by [6, Theorem 1].
Degeneracy maps and the second fundamental form
In this section, we give an expression of degeneracy maps in the context of shrinking maps by using the second fundamental form. We work over an algebraically closed field of arbitrary characteristic.
Let γ " γ X : X Gpn, P N q be the Gauss map of X Ă P N . We recall that d x γ : T x X Ñ T γpxq Gpn, P N q is the differential of γ. Note that there is a one-to-one correspondence between l-planes in T x X containing x and l-dimensional vector subspaces in T x X. Definition 5.1. A degeneracy map κ of X is defined as a rational map from X to a Grassmann variety which sends a general point x P X to the linear subvariety in T x X corresponding to kerpd x γq Ă T x X. This κ is also described as follows.
For the differential dγ : T X sm Ñ γ˚T Gpn,P N q and the exact sequence (1) the degeneracy map κ of X, (2) the shrinking map σ X,γ : X Gpn´, Nq of X with respect to the Gauss map γ of X, (3) the composite map σ X 1 ,pr 1˝p γ, id X q, where σ X 1 ,pr 1 be the shrinking map of X 1 with respect to pr 1 : X 1 Ñ Gpn, P N q.
In order to prove Proposition 5.2, we discuss the second fundamental form in terms of sheaf homomorphisms. Let X˝Ă X be an open subset consisting of smooth points of X and regard γ as γ| X˝. As in §2, we denote by Q and S the universal quotient bundle and subbundle on Gpn, P N q with the exact sequence (2.2). The differential dγ : T X˝Ñ γ˚T Gpn,P N q " γ˚HompQ _ , S _ q corresponds to a homomorphism We define τ i : T X˝Ñ HompT X˝, γ˚S _ qp1q for i " 1, 2 by τ 1 pxq " rT X˝Ñ γ˚S _ p1q : y Þ Ñ τ px, yqs, τ 2 pxq " rT X˝Ñ γ˚S _ p1q : y Þ Ñ τ py, xqs.
In fact, τ 1 " τ 2 because of the symmetry of τ .
Proof of Proposition 5.2.
Since pγ, id X q : X X 1 is birational, σ X,γ " σ X 1 ,pr 1p γ, id X q follows from Remark 2.3. Now we show κ " σ X,γ .
The homomorphism dγ coincides with the composition of τ 1 and the injection
HompT X˝, γ˚S _ qp1q " HompT X˝p´1 q, γ˚S _ q ãÑ Hompγ˚Q _ , γ˚S _ q, which is induced from the surjection θp1q : γ˚Q _ p1q ։ T X˝i n (5.1). In particular, we have kerpdγq " kerpτ 1 q Ă T X˝. Thus the degeneracy map κ is induced by the subsheaf θ´1pkerpdγqp´1qq " θ´1pkerpτ 1 qp´1qq of γ˚Q
On the other hand, the homomorphism Φ :
γ˚Q _ Ñ HompT X˝, γ˚S _ q given in Definition 2.1 corresponds to Ă dγ under the identification Hompγ˚Q _ , HompT X˝, γ˚S _» HompT X˝b γ˚Q _ , γ˚S _ q. This implies that Φp1q coincides with the composition of γ˚Q _ p1q ։ T X˝a nd τ 2 . Hence ker Φ " θ´1pkerpτ 2 qp´1qq holds. Since the shrinking map σ X,γ is induced by ker Φ Ă H 0 pP N , Op1qq _ b O X˝, and since τ 1 " τ 2 holds, we have κ " σ X,γ .
Combining Theorem 2.4 and Proposition 5.2, we recover the main theorem of the first author's paper [6] . (1) γ : X Gpn, P N q is separable, and Y " γpXq. (2) ΓpXq " σY U Gpn´,P N q in Gpn, P N qˆP N . (3) The second projection σY U Gpn´,P N q Ñ P N is separable and generically finite onto its image, and the image is equal to X (in particular, its dimension is n).
Note that, we have the linearity of a general fiber of a separable Gauss map by the implication (1) ñ (2)(e.g., see [6, Proof of Corollary 3.7] ), and have a characterization of images of separable Gauss maps by the equivalence (1) ô (3) (see [6, Corollary 3.15] ).
Proof of Corollary 5.4.
(1) ñ (2): Let κ : X Gpnκ , P N q be the degeneracy map, where nκ " rkpker dγq for dγ : T X Ñ γ˚T Y . Since dγ is surjective, we have nκ " n´dim Y . From Proposition 5.2, we have κ " σ X,γ . Since γ is separable, Remark 2.3 implies σ X,γ " σ Y˝γ ; hence κ " σ Y˝γ and nκ " nσ Y " n´hold. Thus we have n´" n´dim Y .
Set X 1 " ΓpXq. Since pr 1 : X 1 ։ Y is separable, σ X 1 ,pr 1 " σ Y˝p r 1 holds. By Theorem 2.4, it holds that X 1 Ă σY U Gpn´,P N q . Since dim σY U Gpn´,P N q " dim Y`n´" n " dim X 1 , X 1 coincides with σY U Gpn´,P N q . (3) ñ (2): Set X 1 " σY U Gpn´,P N q . By assumption, X 1 Ñ X is separable and generically finite. In particular, we have dim X 1 " n. Since pr 1 : X 1 Ñ Y is a projective bundle, it is separable; hence σ X 1 ,pr 1 " σ Y˝p r 1 holds and then the condition (iii) of Theorem 2.4 satisfied. Thus Theorem 2.4 implies (2).
The implications (2) ñ (1) and (2) ñ (3) follow immediately.
